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Un =
2n

n4 + 3n2 + 4

✶✳ ✈ér✐✜❡r q✉❡ ❝❡tt❡ sér✐❡ ❝♦♥✈❡r❣❡✳

✷✳ ■ ❋❛❝t♦r✐s❡r n4 + 3n2 + 4 ❞❛♥s N

■■ ❊♥ ❞é❞✉✐r❡ q✉❡ Un = f(n− 1
2 )− f(n+ 1

2 ) ♦ù f ❡st ✉♥❡ ❢♦♥❝t✐♦♥ à ❞ét❡r♠✐♥❡r✳

✸✳ ❈❛❧❝✉❧❡r ❧❛ s♦♠♠❡ ❞❡ ❝❡tt❡ sér✐❡✳

❙♦❧✉t✐♦♥
✶✮ ❖♥ ❛ ∀n ∈ N, Un ≥ 0
♦♥ ♣♦s❡ ∀n > 0, Vn = 2

n3

❆❧♦rs ♣♦✉r n ❛ss❡③ ❣r❛♥❞✱ ♦♥ ❛

lim
n→+∞

Un

Vn

= 1

❡t ❝♦♠♠❡
∑

Vn ❝♦♥✈❡r❣❡ ❉✬♦ù ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡
∑

Un

✷✮■✮ ❖♥ ❛✿

n4 + 3n2 + 4 = (n2 + 2)2 − n2 = (n2 − n+ 2)(n2 + n+ 2)

■■✮ ❖♥ ❛✿

Un =
2n

n4 + 3n2 + 4

=
2n
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=
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4

= f(n− 1

2
)− f(n+
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2
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♦ù f(x) = 1
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2
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2
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2
)− f(

5

2
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2
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2
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2
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1

2
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2
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=
1

2
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❆❧♦rs
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n=1
Un = 1
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❙♦✐t

∑

Un ✉♥❡ sér✐❡ à t❡r♠❡s ♣♦s✐t✐❢s ❡t
∑

Vn ✉♥❡ sér✐❡ à t❡r♠❡s ré❡❧s✳
▼♦♥tr❡r q✉❡✿
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✶✳
∑

Un ❝♦♥✈❡r❣❡ ⇒✱
∑

U2
n ❝♦♥✈❡r❣❡✳

✷✳
∑

U2
n ❝♦♥✈❡r❣❡✱⇒✱

∑

Un

n
❝♦♥✈❡r❣❡✳

✸✳
∑

V 2
n ❝♦♥✈❡r❣❡✱ ⇒✱

∑

V 3
n ❡st ❛❜s♦❧✉♠❡♥t ❝♦♥✈❡r❣❡♥t❡✳

❙♦❧✉t✐♦♥

✶✮ ❈♦♠♠❡
∑

Un ❝♦♥✈❡r❣❡✱ ❛❧♦rs lim
n→+∞

Un = 0

∃n0 ∈ N, ∀n ∈ N, n ≥ n0 ⇒ 0 ≤ Un < 1

❉✬♦ù
n ≥ n0 ⇒ 0 ≤ U2

n < Un

❞♦♥❝ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡
∑

Un ❡♥tr❛✐♥❡ ❝❡❧❧❡ ❞❡
∑

U2
n

✷✮ ▲✬é❣❛❧✐té (Un − 1
n
)2 ✐♠♣❧✐q✉❡ Un

n
≤ 1

2U
2
n + 1

2
1
n2

❈♦♠♠❡
∑

U2
n ❡t

∑

1
n2 s♦♥t ❝♦♥✈❡r❣❡♥t❡s✱ ❛❧♦rs ❧❡✉r s♦♠♠❡ ❡st ✉♥❡ sér✐❡ ❝♦♥✈❡r❣❡♥t❡✳

P❛r s✉✐t❡
∑

Un

n
❡st ❝♦♥✈❡r❣❡♥t❡✳

✸✮
∑

V 2
n ❡st ❝♦♥✈❡r❣❡♥t❡✱ ❛❧♦rs lim

n→+∞
V 2
n = 0 ♣✉✐s lim

n→+∞
Vn = 0

❧❛ s✉✐t❡ (Vn) ❡st ❜♦r♥é❡✿ ∃M > 0 |V 3
n | ≤ MV 2

n

❈♦♠♠❡
∑

V 2
n ❡st ❝♦♥✈❡r❣❡♥t❡ ✱ ❛❧♦rs

∑ |V 3
n | ❡st ❝♦♥✈❡r❣❡♥t❡

❉♦♥❝
∑

V 3
n ❡st ❛❜s♦❧✉♠❡♥t ❝♦♥✈❡r❣❡♥t❡✳

❊①❡r❝✐❝❡ ✾
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✶✳ Un = n

log(n!)

✷✳ Vn =
∫ 1

n

0

3
√
t√

1+t4
dt

✸✳ Wn =
∫ 1

nπ

0
sin(t)
1+t

dt

❙♦❧✉t✐♦♥

✶✮ ❖♥ ❛

log(n!) = log(2) + log(3) + ....+ log(n) < (n− 1) log(n)

❆❧♦rs Un ≥ 0 ♣♦✉r n ≥ 2
❊t Un > n

n−1
1

log(n) >
1

log(n) >
1
n

✭❝❛r log(n) < n ♣♦✉r n ≥ 2✮

❡t ❝♦♠♠❡ ❧❛ sér✐❡
∑

1
n
❡st ❞✐✈❡r❣❡♥t❡ ❆❧♦rs ❧❛ sér✐❡

∑

Un ❡st ❛✉ss✐ ❞✐✈❡r❣❡♥t❡

✷✮ P♦✉r t♦✉t t ∈ [0, 1
n
]✱ ❖♥ ❛

√

1 + t4 ≥ 1 ❞✬♦ù
1√

1 + t4
≤ 1

❈❡ q✉✐ ❞♦♥♥❡

Vn ≤
∫ 1

n

0

t
1

3 dt

❆❧♦rs
Vn ≤ 3

4

1

n 4
3

❈❤❛q✉❡ Vn ét❛♥t ♣♦s✐t✐❢ ❡t ♠❛❥♦ré ♣❛r ❧❡ t❡r♠❡ ❣é♥ér❛❧ ❞✬✉♥❡ sér✐❡ ❝♦♥✈❡r❣❡♥t❡✱ ❞♦♥❝
∑+∞

n=1 Vn ❡st ❝♦♥✈❡r❣❡♥t❡✳

✸✮ ▲❛ ❢♦♥❝t✐♦♥ x → sin(t)
1+t

❡st ❝♦♥t✐♥✉❡ s✉r [0, 1
nπ

]

❉✬❛♣rès ❧❛ ❢♦r♠✉❧❡ ❞❡ ❧❛ ♠♦②❡♥♥❡✱ ✐❧ ❡①✐st❡ c ∈ [0, 1
nπ

] t❡❧ q✉❡✿

Wn =
1

nπ

sin(c)

1 + c
≤ sin(c)

nπ
≤ c

nπ
≤ 1

n2π2
(car sin(c) ≤ c ❡tc ≤ 1

nπ
)
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❉✬♦ù
+∞
∑

n=1

Wn ≤ 1

π2

+∞
∑

n=1

1

n2

❈♦♠♠❡ ❧❛ sér✐❡
∑+∞

n=1
1
n2 ❡st ❝♦♥✈❡r❣❡♥t❡ ❡t ∀n ≥ 1, Wn ≥ 0 ❛❧♦rs ❧❛ sér✐❡

∑+∞
n=1 Wn ❡st ❝♦♥✈❡r❣❡♥t❡ ✳
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